In recent years, nonhomogeneous wavelet frames have attracted some mathematicians' interest. This paper investigates such problems in a Sobolev space setting. A characterization of nonhomogeneous wavelet dual frames in Sobolev spaces pairs is obtained.
Introduction
Before proceeding, we introduce some notions and notations. We denote by Z and N the set of integers and the set of positive integers, respectively. Let d ∈ N. We denote by 
and extended to L  (R d ) as usual, where ·, · denotes the Euclidean inner product in R d .
For s ∈ R, we define Sobolev spaces H s (R d ) as the space of all tempered distributions f such that
where · denotes the Euclidean norm on
For convenience, we write 
, respectively, and
with the series converging unconditionally in
The paper is organized as follows. Section  is devoted to some lemmas used latter. Section  is devoted to characterizing nonhomogeneous wavelet dual frames in (
) via a pair of equations.
Some lemmas
In this section, we give some auxiliary lemmas which are necessary in proving Theorem . below.
Definition . Define a function
, and thus
by the Plancherel theorem. So 
with Bessel bound B, by
Lemma ., we have
By Lemma . and an argument similar to that of [], Theorem , we get
It can be rewritten as
by the definition of κ.
Suppose (.) does not hold. Then there exists
and thus
, contradicting (.).
The characterization of nonhomogeneous wavelet dual frames in Sobolev spaces
This section is devoted to characterizing nonhomogeneous wavelet dual frames in (
The following theorem provides us with a characterization via a pair of equations.
By the Plancherel theorem and Lemma ., we deduce that
And thus (.) can be rewritten as
Obviously, (.) implies (.). To finish the proof, next we prove the converse implication.
Suppose (.) holds. By Lemma . and the Cauchy-Schwarz inequality, the serieŝ By the arbitrariness of ξ  and k  , we obtain (.).
